81 


tive root of p*, the theorem holds for p*. If 10 is not a primitive root of p, 
10 must belong to some exponent which is a divisor of p—1 and it may be 
shown that in this case the theorem also holds. 

Theorem VII. The length of the period of m/n is independent of the 
value of the numerator. 

If n is any given number, there are always ¢(n) different numbers 
less than ” and prime ton. Then if m/n is any proper fraction in lowest 
terms, there are always ¢(n) different fractions with a denominator n hav- 
ing numerators less than n and prime to n. But the $(m) different num- 
bers less than 7 and prime to n form a group in respect to multiplication, 
modulus n. Therefore, the numerators of the given fractions also form a 
group in respect to multiplication, modulus n. 

For every fraction m/n, nm prime to 10, 10 will 7" one of the ¢(n) 
numbers less than n and prime to n, if 10<n. If 10>n, some residue of 10, 
modulus n, will occur. The powers of 10, modulus n, form a cyclic sub- 
group G, of the larger multiplication ‘group G. 

All the fractions having numerators belonging to G, will have a per- 
iod of the same length as 1/n. Assume that 10*=1, modulus », or that the 
period of 1/n contains xz places. Then 1/n=.@,@2...a.4,@2... Multiplying 
by 10 simply changes the decimal point each time one place to the right, or 
the length of the period for each fraction whose numerator belongs to G, is 
of the same length as that of 1/n. There is only a cyclical interchange of 
the numbers composing the period. 

An operator of G not in G, multiplied by an operator of G, will give 
some distinct element of the group not in the cyclic sub-group. Let k be 
such an operator in G. Then suppose k/n=.?,233...3,2,45... Multiplying 
by 10 simply moves the decimal point one place to the right, therefore, the 
multiples of k/n by powers of 10 will have a period of the same length as 
k/n. But it has been assumed that 10 belongs to exponent x, modulus 10 or 
10’=1, modulus n, therefore, k/n 10" gives a period of the same length as 
that of the original period of the cyclic sub-group. If the operators of G 
are not yet exhausted, another operator not already used may be chosen and 
the above reasoning repeated. It is then clear, since all fractions with 
numerators belonging to G, have the same period as 1/n and all others have 
the same period as fractions whose numerators belong to G, that the length 
of the period is independent of the value of the the numerator. A concrete 
example will serve to illustrate these statements. Assume n=21. Then 
$(21) =¢(3)¢(7)=12 and the fractions having numerators prime to 21 are 
as follows: 215 2b 44, ht, ai, 34, 44, 5 In this case the cy- 
clic sub-group G, of the numerators will be 1, 10, 16, 13, 4,19. The periods 
of the fractions having these numbers for numerators will be found by a 
cyclical interchange of the the numbers .047619. Taking 2 as an operator 
in G another set of six numbers would be given by the fractions 37;, #2, 34, 
2, #, and 37. The periods would be a cyclical interchange of the numbers 
.095238. 
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The number of different cyclic sets, or different periods of the same 
length, for each denominator n is equal to ¢(n) divided by the exponent to 
which 10 belongs, modulus n. This is true since ¢(n) gives the number of 
fractions having numerators in the multiplication group G and the exponent 
to which 10 belongs, modulus n, gives the number of these fractions in each 
cyclic set. For instance, the number 10 belongs to exponent 6, modulus 21, 
and ¢(21) is 12. Therefore, there are two different cyclic sets for n=21, as 
was seen in the previous example. 

The operation of finding the numbers composing the different cyclic 
sets of the ¢(n) fractions is very much shortened by the fact, that, in gen- 
eral, the different cyclic sets, or periods, occur as complements of each other. 
Since —1 and +1 always occur among the ¢(n) numbers of G, the ¢(n) 
fractions whose numerators differ only in respect to sign, modulus n, have 
periods occurring in complementary pairs. Then if a period has been 
obtained, its complementary period is found by subtracting each digit of the 
first period from nine. If 10 is a primitive root of n, then —1 is in the cyclic 
sub-group G;. The period isin this case of even length and the second half 
of the period is obtained by subtracting the digits of the first half from nine. 
The period is of even length since G, then contains an operator of order two 
and the order of the operator must divide the order of G,. If —1 is not in 
G,, then the index of G, under G must be even and the periods are 
complementary. 


THE DEFLECTING FORCE OF THE EARTH’S ROTATION AND FOU- 
CAULT’S PENDULUM: AN ELEMENTARY ANALYSIS. 


By W. H. JACKSON, Haverford College, Haverford, Pa. 


The intrinsic interest in tangible evidences of the Earth’s rotation 
makes it desirable to introduce the following results at as early a stage as 
is possible. This is the justification for the following elementary exposition. 

1. General Method. Let a point move about a center with constant 
angular velocity ~, and recede from it radially with constant velocity v, and 
let it be initially at a distance 7 from the center. 

After a time ¢ the radial velocity is in a direction making an angle t 
with its initial direction. The component velocities along and perpendicular 
to the initial radius CP are therefore initially v, rv. After a time t they 
are, respectively, 


v cos » t—(r+v sin t, 
v sin » t+(r+v t)@ cos 


To find the components of acceleration, we must 
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divide the component changes in velocity by t and proceed to the limit when 
this is small. Remembering that ‘ 


Lim. / 1—cos » t - Lim. /sin « t\ _ 
2) 


we obtain along the radius and perpendicular to it, respectively, 
—re*, 2ve, (1) 


A body moving with uniform velocity relative to the Earth would have on 
that account a certain acceleration relative to ‘‘fixed axes.’’ This accelera- 
tion reversed will therefore be observed when the body moves freely on the 
Earth’s surface. 

The proof does not assume that the Earth is spherical. The latitude 
_ of any place is defined as the angle which the apparent direction of gravity 
makes with the plane of the equator. The latitude of a place is positive or 
negative according as its position lies to the north or south of this plane. 

We shall consider the effect of motion along standard directions, and 
afterwards combine the results. 

2. North-South Motion. Suppose that a body is moving with uniform 
velocity v from south to north. When at rest in a place P, of latitude ¢, it 
has a uniform angular velocity ~ about E, the pro- 
jection of P on the Earth’s axis. A velocity v, due 
north has a component —v sin ¢ along EP, and the 
corresponding change in acceleration produced by 
this velocity is 


—2vsin ¢ by (1), 


in the direction of the Earth’s rotation from west to east. Relative to the 
Earth, a body moving freely would experience an acceleration 


2 v sin ¢ to the east. (2) 
3. West-East Motion. Suppose that a body is moving with uniform 


velocity v from west to east. The only change in acceleration is due to the 
increase in angular velocity from « to (»+v/PE); it is equal to 


2 
—PE(« +r) + by (1), 


=-20 o(1 along EP. (3) 
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If we regard the ratio which the velocity of the body relative to the Earth 
bears to that due to the Earth’s rotation as negligible, we obtain a horizon- 
tal component of acceleration of the same magnitude as before, 


2 v sin ¢ to the south. (4) 


4. Any motion parallel to the Earth’s surface. Any motion parallel 
to the Earth’s surface may be compounded of a south-north and west-east 
motion. A body moving freely in any direction with velocity v on the 
Earth’s surface will therefore possess an acceleration 


2y sin ¢ (5) 


in a direction obtained by a clockwise rotation of a right angle from 
its direction of motion. 

5. Foucault’s Pendulum. Suppose the bob of a simple pendulum is 
started so as to oscillate in any vertical plane, if r denotes its distance from 
its equilibrium position and v its velocity along that radius, the relative ac- 
celeration due to the Earth’s rotation is 


2 vsin 


But by (1), this is just the acceleration due to a rotation of angular 
velocity (~ sin %) about the vertical axis. The corresponding radial acceler- 
atiod of —r ’sin*¢ is absent but that is negligible owing to the smallness 
of », That is, a pendulum started swinging in any vertical plane will rotate 
in the clockwise direction with uniform angular velocity 


» sin 4, (6) 


6. The deflection of a body falling vertically. Suppose a body to move 
with uniform velocity v along EP, the change in its rea! acceleration is 


2 v to the east by (1). 


A body moving freely along EP, therefore possesses a relative acceleration of 


—2 v to the east. 


If a body falls freely with velocity v, this velocity may be resolved into 
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—v sec ¢ along EP, 
and —v tan ¢ to the north. 


Its resulting acceleration to the east is therefore 


2 » v(sec ¢—tan ¢ sin 9). 
That is, 2 v cos ¢ to the east. (7) 


The total displacement in a fall from a height h is therefore given ap- 
proximately by writing v=gt, integrating with respect to t twice and substi- 
tuting t=(2 h/g)'. The displacement is found to be 


4 cos 4(8 h®/g*)!. (8) 


’ Finally, there is one component of relative acceleration which has not 
been written down; that is the vertical component due to the velocity v from 
west to east. On reference to equation (8), it is seen that this component is 


2 cos ¢ vertically upwards. (9) 


7. The general equations of relative motion. If we take axes 2, y, and 
z to be east, north, and vertically upwards, respectively, the preceding re- 
sults are expressed by the usual equations for the motion of a body moving 
freely: 


xv" =2 y'» sin ¢—2 cos ¢, by (2), (7). 


sin 4, by (4). 
2"==2 cos ¢, by (9). 


ON THE REPRESENTATION OF NUMBERS AS THE SUM OF TWO 
SQUARES. 


By M. KABA in Collaboration with L. E. DICKSON. 


Consider the representations expressible as the sum of the squares of 
two numbers. Following Jacobi’s notation for the theta-function with a 
special argument, we have 


0(k) = +2q*+2q° +... 
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And on the other hand, 
2k 


3 
— 7. 
Fes 


Comparing these two results we have 


q ‘ 9 2 


When we develop the terms of the left member, we get 


1+4[(q+q?+q*+...) +...) 
+ 


We note that the sign preceding a series is + or —, according as the first 
exponent is of the form 4m+1 or 4m+3. For 


17.7... (Py, Pn distinct odd primes), 


q° occurs in those series, and only those, whose first exponents are of the 
form p,”...p."" (05 ri Let e==+1 or —1, according as p; is of the form 
4m-+1 or 4m+8. But the product of two numbers each of the form 4m+1, 
or each of the form 4m-+3, is of the form 4k+1; while the product of 4m+1 
by 41+8 is of the form 4k+3. Hence p,"...p,7 is of the form 4m+1 or 
4m+8 according as €,”...é.""=+1 or —1. Thus 


(2) N.=(i+e, +e? +... (1te, +... +e"). 


But in view of the right member of (1), N. is also the number of ways 
of representing e as the sum of the squares of two integers, zero or positive, 
provided we regard j*+k* and k* +)? as distinct representations when jk, 
30, k~0 (whereas 0+s* and s*+0 give the same representation). The 
number N, of such representations of e is given by (2). 

In case e has a prime factor of the form 4m+3, then ei==—1, and 
1+e;+...+e;7=0 or 1, according as 7; is odd or even. Thus if =; is odd 
there is no representation of e as the sum of two squares. If 7: is even, 
N.=N.., where e'=e/p;". If N..=0, there is again no representation of e. 
For N. >0, there are two representations e’=«'*+y"* and hence representa- 
tions e=x*+y*, x=a'p;"'?, Since N.=N.., every representation 
of e may be derived from those of e’ by multiplying the variables by p,"'2. 
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When the variables have a common factor >1, the representation is called 


improper. 

Theorem. There exists no representations as the sum of two squares 
for a number e having a prime factor of the form 4m+38 occurring to an odd 
power; no proper representations when such a factor occurs to an even power. 
If P=p,"'...ps", where p,, ..., ps denote all the distinct primes of the form 
4m+3 which divide e, and if =,, ..., =, are all even, there are as many im- 
proper representations of e as there are representations of e/P; every represen- 
tation of e is of the type (P' ~)*+(P' y)’. 

Examples. N.—0 for e=8, 7, 15, 21, 27, 68; N,;=2, 
45=3° +6*=6°+38*, 9.25—15?—9? +12* —12* +9*. 

The problem thus reduces to the case in which every prime factor of 
eis of the form 4m+1. Then by (2), 


(3) N.= 


For example, N:5=38, 25=5°=8?+4*° =4?+3?. 

When ¢ is of the form 2"p, we have N.==2. Removing the restriction 
that 7° +k? and k*+j* shall be regarded as distinct representations, we ob- 
tain the well-known theorem of Fermat: 

Every prime number p of the form 4m+1 (and every product 2“p) can 
be represented in one and only one way as the sum of two squares. 

In general, the representations enumerated in (3) include improper 
ones. For instance, if «,>1, the (=;+1)(*,+1)... representations x*+-y° 
of e/p,* yield improper representations (p,x)?+(p,y)* of e. There are only 
2-1 distinct representations of e not distinguishing the order or signs of the 
variables in «*+y? (Dirichlet-Dedekind, Zahlentheorie, p. 164). 


A METHOD FOR CHANGING THE SCALE OF A NUMBER. 


By C. E. WHITE, Nashville, Tennessee. 

To convert a number in the scale s to a number in the scale s—a, 
where a may be positive or negative, the following process may be used. 

Let =f(s). By Taylor’s 
theorem, 

2 3 

f(s) =f(a) + (s—a)f (a) + (a) + (a) +... 


Dividing f(a) by (s—a) we get q.+—~ 


“3 where q, is the quotient and r, 


the remainder, or f(a) (s—a). 
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Hence, f(s)=r4+ (s—a) (a) + F(a) +... 


In like manner, (a) (s—a) and 


soon. Then 


f(s)=ro +r; (s—a) +r, (s—a)*? +73 (s—a)* +... +7n(s— a)”, 
and 312711, in the scale s—a. 


Let it be required, for example, to convert 567834 in the scale of 12 to 
the scale of 11. 


f(s) =4+88-+88° +6s*+5s°. 


The value of the functions, and of the q’s and r’s are shown below. 


| 


Hence, N=863740 in the scale of 11. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


210. Proposed by B. F. FINKEL, Ph. D., Drury College, Springfield, Mo. 


Simplify, log[#’ (187) (56) +'8/ (187) #/(75)]. 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa., and A. H. HOLMES, Brunswick, Me. 


Let P be the value of the expression in the parentheses. 
Then logP=$log137-+ 4log56— — tlog75. 


A similar example is given in Dickson’s College Algebra, p. 20, ex. 6. Professor Dickson gives an answer in 
accordance with the above solution. It is our opinion, and in this opinion concur Professor E. R. Hedrick of the 
Missouri State University, and Professor George Melcher of the Missouri State Normal School of Springfield, that 
the last sign should be +. There is quite a general agreement among mathematical writers, that the operations of 
multiplication and division should be performed in the exact order of their occurrence. Thus 46+ 32=16 and not 
4. However, Professor Dickson says, were one to ask for the log of ab+cd oné would surely give as an answer, 
loga+logb—loge—logd, and to this form the numerical form in the problem corresponds. While we recognize the 
force of Professor Dickson’s argument, yet we believe that when there is a possibility of ambiguity, every doubt 
should be removed by an explicit notation or else by following a well established usage. 
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312. Proposed by J. A. CAPARO, C. E., Notre Dame University, Notre Dame, Ind. 


Two roots of the cubic x* —px*?+qa—c=0 are equal. Find their value 
in terms of p, g, and c. 


I. Solution by GEORGE W. HARTWELL, University of Kansas, Lawrence, Kas.; V. M. SPUNAR, M. and E. 
E., East Pittsburg, Pa.; and G. I. HOPKINS, Instructor in Mathematics and Astronomy, Manchester High School, 
N. H. 


Let m, m, 1 be the three roots. . Then 
2m+n=p...(1); 2mn+m?=q...(2); m?n=e... (3). 


Solving (1) and (2) for m and n we have, 


m= 


(p*—3q) (p* —39) 
3 ’ 3 . 


Substituting these values in (3), 
(2p*—6q) (P= —96...(4). But piv 80) 


pq —9e 


Therefore, from (4), = 64" 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa.; J. SCHEFFER, A. M., Hagerstown, Md.; S. 
LEFSCHETZ, Wilkinsburg, Pa.; and the PROPOSER. 


Let f(x) —pa*+qu—c=0, (x) —2px+q=0. 
If f(a) has two equal roots, f’ (x) contains one, and hence the great- 
est common divisor of f(x) and f’ (~) gives one of the equal roots. Now if 


(pq—9e) (27c+ 4p* —15pq) =4q(8q—p")?, or 
18epq-+p*q? — 4ep* —4q°—27c*= 


then 2(3q—p*)x+pq—9c is the greatest common divisor of f(a) and f' (x). 
Therefore, «= (9ce—pq)/[2(8q—p?)] is one of the equal roots. 


GEOMETRY. 


339. Proposed by G. E. BROCKWAY, Boston, Mass. 


_ _ Of all triangles that can be inscribed in a given triangle, that formed 
by joining the feet of the altitudes has the minimum perimeter. Prove by 
means of the straight line and circle. 
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I. Solution by J. SCHEFFER, A. M., Hagerstown, Md. 


Assuming the points N and O in the sides AC and BC, NM+MO isa 
minimum, if 2 NMA= ZOMB; for letting fall the perpen- 
dicular NR ana extending it to S by its own length, OMS 
becomes a straight line. It follows from this that in the 
case of MNO being a triangle of minimum perimeter, 
ZNMA=2ZBMO=4,- ZANM=ZCNO=4, ZMOB= 
ZNOC=y. 

Now, a+3=180° a+y=180°—B, #+7=180°—C. 

“.a+f8+7=$ (540°—180°)=180°.  ..4=C, &=B, r=A. 

Connsameatiy, the triangle MNO is the pedal triangle. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


When we wish to find a point P on a given line so that the sum of the 
distances PR+ PS to two given points, is a minimum, it is easy to show that 
PS and PR must make equal angles with the given line. Let M, L, K be 
the feet of the altitudes; Mon AB, Lon AC, Kon BC. Then if M, L are 
fixed, K is the point on BC such that KL+KM is a minimum, since KL, KM 
make equal angles with BC. Similarly, for M, K and L, K fixed in turn, 
respectively. LM+LK is a minimum and ML+MkK is a minimum for the 
reason cited above. 

This seems the easiest and simplest proof. 


340. Proposed by J. H. MEYERS, S. J., Sacred Heart College, Augusta, Ga. 


Given trapezoid ABCD. Prolong AB and CD, the non-parallel sides, 
to meet in E. On AE as diameter construct semi-circle AHGE. With BE 
as radius construct are BG. Draw GK perpendicular to AE. Bisect AH at 
L. Erect KH perpendicular to AE. Construct are HM with HE as radius. 
Draw MN perpendicular to DC. Prove that MN bisects the trapezoid 
ABCD, angles ADC and BCD being right angles.* 


Solution by J. SCHEFFER, A. M., Hagerstown, Md. 


We may generalize this theorem by drawing the line MN parallel to 
AD, instead of perpendicular to DC. 

AADE : SEMN=AE® : : 
: AEXEL=AE : EL. 

AADE—AEMN : AEMN=AE-—EL, or 
AMND: SEMN=AL : EL... (I). 

SEMN : SEBC=ME? : :BE?=KE? : GE*?= 
AEXEL : AEXEK=EL : EK. 

AEBC : \EMN=EL—EK : EL, or 
MBCN : SEMN=LK : EL... (II). 

Comparing (I) and (II), AMND : MBCN=AL : LK=1: 1. 


*The reading of this problem has been slightly changed to correspond to the figure. Ep. F. 
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AMND=MBCN. 
Note. If the angles at C and D are right, MN, of course, is perpen- 
dicular to CD. As the proposer states this theorem, it is too restricted. 


Also solved by G, B. M. Zerr, J. A. Caparo, A. H. Holmes, and analytically by V. M. Spunar. 


341. Proposed by FRANK LOXLEY GRIFFIN, S. M., Ph. D., Instructor in Mathematics, Williams College. 


Given p=cos(m/n)?, where m and n are integers without a common 
factor. Deduce rules for finding by inspection: 

(1) The angle between the beginning and end of any loop of this curve; 
(2) The number of distinct loops. [A loop is a portion of the curve between 
consecutive zero radii vectores. ] 


Solution by the PROPOSER. 


(1) Consecutive values of i which make / vanish must differ by =. 
Hence, consecutive values of ? differ by  =/m. 
(2) Since ¢ is a periodic function of 4, the period being ens , the rec- 


tangular coordinates have the period 2n =. The whole figure being repeated 
nn 


with that period, attention may be confined to the interval ec o to @= 


=o ten =. In this interval there are 2m loops, as follows from (1). It 


remains to be seen when these loops will be all distinct. 

The coincidence of two loops occurs only when a loop in which p is 
negative repeats one in which » is positive. In that case, any point (/,, 4,) 
on one loop coincides with [—,;, ?;-+=(24+1)] on the other [/, some integ- 


er]. But, since —p,=acos +7(24+1)], and it is 


clear that = (24+1)= is an odd multiple of =, say = (24+1)=2k+1. This 
is impossible if either m or n is even. Moreover, if both are odd, 4 and k 


can always be found to satisfy the condition; e. g., 4 = ee hat Each 


2 
loop for »<0 will then repeat a loop for »>0. Hence the number of distinct 
loops is (a) 2m if either m or n is even, (b) m if both m and n are odd. 


Remark. The curve p=sin™ ¢ is simply the foregoing curve rotated 


through the angle — * Hence the conclusions reached above apply 


equally to this curve. 
Also solved by G. B. M. Zerr, V. M. Spunar, nad J. W. Clawson, a Sophomore in Williams College. 


: 


CALCULUS. 


269. Proposed by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Prove that (a*-+a-*) log (47a). 


Solution by S. A. COREY, Hiteman, Iowa. 


Developing into a power series in and inte- 


grating, we have 


1+2 da gite gi—a ysta 


and the definite integral of the problem becomes equal to the series, 


3°3tat | 


which reduces to the form, 


1 1 1 
(1) 


Fourier’s cosine series for cos(ax) is 


__2asin(a =) Ex 


(2) 


cos(ax) = 


where a is fractional. When x=7, (2) gives 


2asin(a=)(_ 1 41 1 
2a° -a? 3?—q? ’ 


(3) 


cos(a =) = 


and when x=0, it gives 


2asin(a =){ 1 1 1 1 


Subtracting (3) from (4), we have 


at 


an 
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1—cos(a E 3 + ’ (5) 


whence the value of the series, (1), when 0<a>l, is readily found to be 
—tan as required by the problem. 


When a>1, or a< —1, let b=a~}, and substitute in the problem. The 
definite integral does not change its form by making this substitution, but 
the right hand member of the equation does change. Hence the given 
equation does not hold for values of a>1, or<—1. It can readily be shown 
that the equation holds when a=0, a=+1, andwhen0>a>-—1. Therange 
of values of a in which the given equation holds is, then, —1 <a <1. 

Also solved by C. N. Schmall, V. M. Spunar, J. Scheffer, and the Proposer. 


270. Proposed by S. A. COREY, Hiteman, Iowa. 
1 1 
Prove that (a? + 


positive integer >1. 


3 5 (2n—3) 1 bei 
(2n—2)° Daan’? n a 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa.; C. N. SCHMALL, New York City; and J. SCHEF- 
FER, A. M., Hagerstown, Md. 


Assuming =f the integral may be evalu- 


ated in two different ways. 
(1) Assume the equation 


Jo 
Now differentiate both sides (n—1) times with regard to «, we obtain 


_ de 1,3.5...(2n-3) 1 | 
Yo 2 2.4.6...(2n—2) a? 


and substituting a? for 4, we have 


(a?+a?)"” 2°2.4.6...(2n—2)° 
SCHMALL. 
(2) Or, by putting x=atan @ in the given integral, we have 


SCHMALL, ZERR, SCHEFFER. 


da 1.3.5...(2n—3) 1 


: 
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MECHANICS. 


222. Proposed by W. J. GREENSTREET, Stroud, England. 


Find the maximum angle of inclination to the line of greatest slope of a uniform rod 
resting on a rough inclined plane and capable of turning freely round a point on it. 


II. Solution by the PROPOSER. 

Let the point on the rod about which it turns be distant x and y from 
the ends (x>y). Let < be the inclination of the plane, and ? the angle the 
rod in its initial position makes with the greatest line of slope. Let W be 
the weight per unit length of the rod. Consider the normal reactions as 
acting at the mid points, respectively, of AO, OB, where AB is the rod and 
O the pivot. » is the coefficient of friction. 

Resolving perpendicular to the plane for each part AO, OB, 


Weos «4, Weos 4. 


There is an unknown force at O.. Take moments at O, 
2 2 
Wsin « sin 6+», Wain a gin 9=0, 


and substituting for R, R’, 


Weos Weos «4 = Wein -y’), 


cot « +y?)=sin (~*—y?). 


a? +y? 
“sin 9=r cot cot 


x? 
224. Proposed by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


A steel clock spring w= inch wide, t=;'; inch thick, is wound around 
an axle d==} inch in diameter. Find the greatest available moment for run- 
ning the clock, using a factor of safety f=6. 


Solution by the PROPOSER. 


Let OH=r=radius of curvature; HL=y=distance of any fiber from 
the gravity axis HH; x=length LM of this fiber; MS=dz; RH=z=distance 
between the neutral axis and the gravity axis; 2 MRS=¢, Z AOB=?; s= 
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unit of tensile strength on cross-section of spring; H=Young’s modulus; 
M=external bending moment acting on any area wy. 
Then «=LO.0-=(r+y) 9=(OH+4AL) 9; 
dx=RM.¢=(HR+HM)¢=(z+y)¢. 
Hooke’s Law gives dx/x=s/E. 
= E(z+y)¢_ Ek(z+y) 


constant 

For pure bending strain, the shear is zero. Then, 
since the normal stresses form a couple, their algebraic 
sum is zero. 


(z+y) dy_ 
ydy 
t—r lon 
= 4d ——————_.... (1), ssi 2r=d. 
Zz @r+t) 4 (1 (1), since 2r 
\d-t 
Also f (z+y)swdy=M 
t 
(ute) _ M(y+z) 
at 2 
M(t+2z) _ M(t+2z) (2) 
| log 


This value of s is the: maximum value. Now d=}, t=, w=#. 
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From (1), z=.00066. s=6416.9M. The ultimate strength of hard 
steel is 240000 lb. /in.*. 

s=240000/f =240000/6 =40000 Ib. /in. 

.40000=6416.9M. M = 6.2835. 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


159. Proposed by E. B. ESCOTT, Ann Arbor, Mich. 


Show that if the equation y*=2x*—1 be possible in integers, y=24n’ 
—1, or 2n*—1, and find three solutions. 


mu Solution by the PROPOSER. 

The equation may be written (y+1) (y?—y+1)=22’. 

Since y?—y-+1 is always odd, it is evident that y+1 must be even. 
Since y? —y+1=(y+1) (y—2) +8 it is evident that y+1 and y*—y+1 can 
have no common factor but 3. Therefore we have the following possibilities 
for y: y=2X3m'-—1, or y=2n' —1. 

Since y* is represented by the form 2x* —1, 2 must be a quadratic res- 
idue of y. Therefore y=8a+1, and this is possible in the first expression 
only when m=2n. Then either y=24n* —1 or 2n?—1. 

Substituting these values of y in the original equation, we have 


192n* —24n?+1=r° or 4n*—6n?+3=r7". 


The first equation has the solution n=0 and 1 which give y= —1, x=0; 
=23, s=78. 
The second equation has the solution n=1, which gives y=1, x=1. 


AVERAGE AND PROBABILITY. 


198. Proposed by J. EDWARD SANDERS, Weather Bureau, Chicago, Il. 
Find the average length of a hole at random through a given cylinder. 


No solution of this problem has been received. 


199. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


A circle is inscribed in a given square. Two points are taken at random within the 
square but without the circle. What is the chance the distance between the points does 
not exceed the side of the square? 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


This is the same as 196, but as there is a distance less than the side of 
the square when both points are taken one each in opposite corners, it is 
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desirable that another solution be presented. Professor Carmichael called 
my attention to this error. 

As a solution by Calculus would be very long and tedious and well 
nigh impossible, we will use a formula given in the Encyclopedia Britannica. 
It is as follows: 

If p is the probability of a certain condition being fulfilled by » points 
within an area A, p’ the probability when they fall on area A+B (B with- 
out A), p, the probability when one point falls on B and the rest on A, then 
(p'—p)A=nB(p,—p). 

In the problem, A=* a®, B=(4--=)a*®, n-=2, where 2a=side of the 
square. Now p’=—'};' (MONTHLY, Vol. III, No. 11, page 285); p=1 for 
both points on A. 

—1) a? =2(4—7) (p, -1)a’. 

ma a the probability that the distance is less than the 
side of the square when one point is within, the other without the circle. 

Similarly, (p'—P)B=2A(p,—P). 


=p, (4—7) p— =*—76=+ 104 
387-4 3(4—7=) (3 =-4) 
MISCELLANEOUS. 


176. Proposed by WM. E. HEAL, Coffeyville, Kansas. 


In Grassman’s Extensive Algebra, e,e.=—e2e,. If e,=e., =—e? 
=0. In quaternions, 7j=—ji, =1.4j=ik=—j, 1?=—1. Reconcile these 
apparently divergent results. 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


1,7, k are unit vectors at right angles to each other. By definition: 
The effect of any unit vector acting as a multiplier upon another at right 
angles to it, is the turning of the latter in a positive direction (counter clock 
wise) in a plane perpendicular to the operator or multiplier through an angle 
47, Hence the product or quotient of two unit vectors at right angles is a 
unit vector perpendicular to their plane. In a positive direction 7 operating 
on j produces k, or ij=k. Similarly, jk=i, ki=j. Jj operating on 7 in a neg- 
ative direction produces —k. Therefore, ji-=—k. Similarly, ik—=-—j, kj==—i. 

_The operation of multiplying here is not a numerical product, and 

hence it is a geometric multiplication, and not an algebraic process. 

As the effect of 7, 7, k as operators is to turn a line from one direction 
into another which differs from it by 90°, they are called quadrantal versors. 

Now 1j=k, tk=-j. = —1.9=173. 

(See Hardy’s Elements of Quaternions, pp. 40-48.) 
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PROBLEMS FOR SOLUTION. 


ALGEBRA. 


318. Proposed by PROFESSOR R. D. CARMICHAEL, Anniston, Ala. 
Sum to infinity the series n/(4n?—1)* beginning with n=1. 
319. Proposed by C. N. SCHMALL, New York City. 
A man desires to purchase eggs at 5 cents, 1 cent, and 3 cent, respectively, in such 
numbers that he will obtain 100 eggs for adollar. How many solutions in rational integers? 
320. Proposed by FRANCIS RUST, C. E., Pittsburg, Pa. 
Solve for t, cost=mcos2t. 


GEOMETRY. 


345. Proposed by LLOYD HOLSINGER, Bradley Polytechnic Institute, Peoria, Ill. 

If a variable polygon move in sucha way that its sides turn severally round n fixed 
points O,, O,, ..., On while n—1 of its vertices slide, respectively, along n—1 fixed 
straight lines v, , v,, ..., Un—1, then the jast vertex will describe a conic; and the locus of 
the point of intersection of any pair of non-adjacent sides will also be a conic. Cremona’s 
Projective Geometry. 

346. Proposed by G. I. HOPKINS, M. A., Professor of Mathematics and Astronomy, High School, Manchester, 
N. H. 

Prove the theorem for finding the lateral area of a frustum of a cone without the 

use of the theory of limits. 


347. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


ABC is a triangle, and D, E, F are the mid points of the arcs of its nine-point circle 
cut off by BC, CA, AB, respectively. The inscribed circle touches these sides at X, Y, Z. 
Are the lines DX, EY, FZ concurrent? A purely geometrical discussion required. 


CALCULUS. 
276. Proposed by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


In a certain country the tax per $1 on a person’s income varies as the cube root of 
the number of dollars, and when the income is $8000 the rate per dollar is 5 cents. Find 
the largest net income possible. 


277. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


nd ang LY 
Find ds® and for y=csinh 


278. Proposed by S. A. COREY, Hiteman, Iowa. 


If C be Euler’s constant, .577,215,664,9... and if B,, B., Bs, ete., be 
Bernoulli’s numbers, 3, 35, etc., prove that 
Bo, Bs Bay _ 4) m 
4 + gt (1) 
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MECHANICS. 


231. Proposed by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


A body is projected towards the Earth’s center with a velocity from infinity at a dis- 
tance a=2r from the center. If the Earth were an airless sphere with a radius equal to 
its present mean radius, and gravity equal to its present intensity, and having a hole from 
surface to center, with what velocity and in what time would it arrive at the center. 


232. Proposed by J. A. CAPARO, C. E., Notre Dame University, Notre Dame, Ind. 


Given, the diameter d of a gas engine cylinder, length of connecting rod J, stroke s, 
velocity of crank pin v, length of exhaust port equal to one-third the circumference of the 
cylinder. Find the average height h of exhaust port opened during one cycle if the port 
is fully opened, when the piston is at its lowest position. 


NUMBER THEORY AND DIOPHANTINE -ANALYSIS. 


163. Proposed by PROFESSOR R. D. CARMICHAEL, Anniston, Ala. 


Prove that the equation yn = mx+1 always has at least one positive integer solution 
(different from y=1, x=0), whatever integer values m and n may have. 


164. Proposed by G. J. GRIFFITHS, M. A., in Educational Times (Unsolved). 


Prove that the sum of the squares of the reciprocals of all integers which are not 
divisible by the square of any prime is 15/z?. 


NOTES AND NEWS. 


Mr. H. P. Kean, Assistant in Mathematics at the University of Illinois, 
has been elected Professor of Mathematics in Ripon College. Ep. M. 


Will any reader who reads this note help me to find a copy of the Math- 
ematical Companion edited and published by John D. Williams? This jour- 
nal was started in 1828 and was published until 1831. Bolton, in his catalog 
of scientific journals, says there is a copy of this journal in the Library of 
Harvard University. Professor Byerly informed me that he had the librar- 
ian make a careful search for it with the result that a sort of prospectus of 
it was all that could be found. Also who has a complete set of Harvell’s 
Messenger of Mathematics? Ep. F. 


Courses in Mathematics for the year 1909-10, University of Pennsyl- 
vania. By Professor E. 8. Crawley: Solid analytic geometry, two hours; 
Higher plane curves, three hours; Mathematics of insurance, two hours. By 
Professor G. E. Fisher: Advanced calculus, two hours; Calculus of variations, 
two hours. By Professor I. J. Schwatt: Infinite series and products, two 
hours; Definite integrals, three hours. By Professor G. H. Hallett: Modern 
higher algebra, three hours (first half year); Galois theory of equations, 
three hours (second half year); Theory of groups of a finite order, three 
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hours; Lie’s theory of continuous groups, three hours (first half year). By i 
Professor F. H. Safford: Mathematical theory of precision of measurements, @ 
three hours (first half year); Curvilinear coordinates, three hours (second @ 
half year). By Dr. O. E. Glenn: Invariants and covariants, three hours. 


Dr. B. F. Finkel has almost completed his History of American Math 
ematical Journals. This history gives a detailed account of the earlies 
American mathematical journals. As these journals are very rare, and inac 
cessible to the general reader, some of the most important articles in the @ 
earlier journals are reproduced in their entirety in this history. Thus, @ 
Adrain’s discovery of the ‘‘Law of Least Squares’’ in the Analyst, 1804, and @ 
Professor Benjamin Pierce’s proof that ‘‘No odd number can be a perfect § 
number,’’ The Mathematical Diary, 1825, are given in full in this history, 
In book form, the History would comprise about 300 pages, and would be the @ 
most complete history of American mathematical journals ever written. j 

After carefully going over the whole matter I have concluded to 
undertake the publication of this work, provided I can be assured of not los- 9 
ing too much money in the enterprise. I do not wish to make anything 
above the expense of publication. I have ther2fore concluded to publish 400 
copies of the work, each copy to be numbered, and to sell them at $2.50 each. 
Persons wishing to secure a copy of this book will please give me their 
orders at once, so that in case I get enough orders to encourage the under- 
taking, I may begin work immediately. 

The volumes will be numbered and signed in the order in which the 
subscriptions are received. 

S. A. Drxon, Printer. 

Springfield, Missouri. 


BOOKS. 


Azimuth. By George L. Hosmer, Assistant Professor of Civil Engi- 4 
neering, Massachusetts Institute of Technology. 16mo, v+73 pages, 6 fig- J 
ures. Morocco, $1.00 (4/6 net). New York: John Wiley & Sons. . 


The purpose of this volume is to present in compact form certain approximate meth- § 
ods of determining the true bearing of a line, together with the necessary rules and tables 
arranged in a simple manner 50 that they will be useful to the practical surveyor. It isa @ 
handbook rather than a textbook, hence many subjects have been wholly omitted which are 4% 
ordinarily included in books on Practical Astronomy but which are not essential in learning 9 
to make the observations described in this book. In all of the methods here treated the J 
object sought is to secure sufficient accuracy for the purpose of checking the measured 
angles of a survey with the least expenditure of time. For this reason many approxima- 
tions have been made and many refinements omitted which simplify the calculations with- 
out introducing serious error,into the results, and although such a treatment would scarce- 
ly be proper in a textbook the gain in simplicity and convenience would seem to justify its 
use in a book of this character. Preface. 
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ON THE EXTENSION OF THE EXPONENTIAL THEOREM.* 


By E. D. ROE, JR., Syracuse University. 


§1. INTRODUCTION. 


In our algebra,+ we define 


(1+2)=FO), 


for all values of x and 7 real or complex, and denote by f(«) the value which 
F(x) takes when n is a positive integer and x is real. We prove that _ 


f(z) 


Next we prove that F'(x)=f(x) for any real value of «, in whatever way n 
as a real number becomes indefinitely great. Then we prove for a positive 
integral n and a complex x, which is called z, that F(z)=f(z). Then we 
state, p. 240: ‘“The extension to any real value of m may be made by consid- 
ering the limits of the moduli and arguments of 


and finally extending to a negative n.’ 
It is the object of the <sihcote paper to furnish the details of this 
statement. 


*Presented to the American Mathematical Society, April 24, 1909. 
tCollege Algebra, Metzler, Roe and Bullard (Longmans, Green and Co.), 1908. 
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